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Abstract. A discrete filter is examined for the joint estimation of the coordinates, velocity, and angular rate Ω  
of a target performing a steady turn, based on indirect (polar/spherical) radar measurements. When Ω is included 
in the augmented state vector, the increment conversion matrix becomes a nonlinear function of Ω itself; conse-
quently, linearization – as employed in previously studied versions of the extended Kalman filter for indirect mea-
surements – requires recalculating the Jacobian matrix at each step and introduces an additional methodological 
error. An unscented transformation of the augmented state vector is proposed to eliminate the need for linearizing 
the motion and measurement models. Monte Carlo statistical simulations (Nrun = 545) were conducted to compare 
the proposed algorithm with its linearized counterpart across eight standard surveillance radar types (2D and 3D) 
and five target turn rates. The results demonstrate that the proposed algorithm yields a root-mean-square error 
for the Ω estimate that is, on average, 4.3 times lower (median 4.0; range 1.4–14.0 across all observation con-
ditions) than that of the linearized extended Kalman filter, while offering a more modest improvement (avera
ging 1.2 times) in the root-mean-square error of the position estimate.
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Аннотация. Рассмотрен дискретный фильтр совместного оценивания координат, скорости и угловой 
скорости Ω цели, совершающей установившийся разворот, по косвенным (полярным/сферическим) изме-
рениям радиолокационных станций. При включении Ω в расширенный вектор состояния матрица пересче-
та приращений становится нелинейной функцией самой Ω, поэтому линеаризация (используемая в ранее 
рассмотренных модификациях расширенного фильтра Кальмана при косвенных измерениях) требует пе-
ресчета матрицы Якоби на каждом шаге и вносит дополнительную методическую ошибку. Предложено 
ансцентное преобразование расширенного вектора состояния, исключающее линеаризацию модели движе-
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ния и измерения. Проведено статистическое моделирование методом Монте-Карло (Nоп = 545) алгоритма 
и его линеаризованного аналога для восьми типовых радиолокационных станций кругового обзора (2D и 3D) 
и пяти значений угловой скорости разворота цели. Показано, что предложенный алгоритм обеспечивает 
среднеквадратическое отклонение оценки Ω в среднем в 4,3 раза (медиана 4,0, разброс 1,4–14,0 по всей 
матрице условий наблюдения) меньше, чем расширенный фильтр Кальмана при косвенных измерениях 
с линеаризацией, при заметно более скромном (в среднем 1,2 раза) выигрыше по среднеквадратическому 
отклонению местоположения.

Ключевые слова: расширенный фильтр Калмана, ансцентное преобразование, установившийся разворот, 
угловая скорость цели, маневрирующая цель, линеаризация, матрица Якоби, метод Монте-Карло, радио-
локационная станция.
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Introduction
Measuring aircraft coordinates and motion parameters from primary (indirect) observations – single- 

scan estimates of range r, azimuth β and, for three-coordinate radars, elevation angle ε – is a principal 
task of radar surveillance [1]; propagation-related errors are addressed separately, e. g. in [2]. Kalman 
filter (KF) synthesis rests on a motion (driving-input) model; for a maneuvering target, the constant- 
velocity model ceases to match the actual trajectory, increasing the filtering error and, in the limit, cau
sing track loss [3]. A common approach to describing a horizontal maneuver is the coordinated-turn (CT) 
model [4], with constant speed and constant turn rate Ω; KF design for indirect measurements under this 
model is examined in [5]. In this work, as in most known sources [3, 4], Ω-filtering augments the state 
vector with Ω and linearizes both the nonlinear motion and measurement models.

Recent work on nonlinear filtering for maneuvering targets includes: unscented/cubature KF mo
difications, for targets in general [6–8] and turning targets under angle-only measurements [9];  
robust/adaptive extended Kalman filter (EKF) modifications compensating for linearization error [10–12], 
confirmed by Monte-Carlo methods [13]; alternative parameterizations linearizing only the measure-
ment model [14, 15]; adaptive multiple-hypothesis schemes [16]; and direct turn-rate estimation outside 
the motion model [17]. None, however, addresses estimating Ω once included in the CT model’s aug-
mented state vector – the question examined here.

Work [18] demonstrates by Monte-Carlo methods, that how well linearization approximates  
the Gaussian density depends substantially on observation conditions (σβ, range r, heading angle)  
and can cause errors up to track loss. Because including Ω makes the state-transition matrix B itself 
nonlinear in Ω (see Bₖ [5]), linearization errors are expected not only in the measurement Jacobian, 
as in [18], but also during prediction – critically for Ω, a parameter for which [5, 18] give no accuracy 
figures. The goal of this paper is a comparative analysis of the accuracy with which the turn rate Ω, 
position, and speed of a target performing a coordinated turn and observed through indirect radar mea-
surements are estimated, using a discrete filter based on the unscented transform and its linearized (ex-
tended) counterpart.

Problem statement

Initial conditions. Let the observed parameter vector θ comprise single-scan estimates of slant 
range r, azimuth β and, for a three-coordinate radar, elevation angle ε:
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Observation errors are uncorrelated and characterized by the covariance matrix R� � �� � �� diag( , , ),r
2 2 2  

where � � �� �r , ,  are the range, azimuth and elevation observation-error standard deviations. The scan 
period equals T.

The target is an aircraft performing a coordinated turn in the horizontal plane at constant speed v 
and constant turn rate Ω. The estimated state vector
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�� � x x z z y y   � T                                                    (2)

includes single-scan estimates of the Cartesian coordinates x (north), z (east), y (altitude), their rates 
of change, and the turn rate Ω, following [5] but with an added altitude channel for three-coordinate ra-
dars; a two-coordinate radar carries no elevation information, so this channel is not corrected by the fil-
ter (see below).

Objectives:
1) examine the features of a discrete KF design that uses the unscented transform to jointly esti-

mate α, Ω included, without linearizing either the motion or measurement model; 
2) use Monte-Carlo modeling to compare the Ω, position, and speed accuracy of the proposed al-

gorithm against the linearized extended KF for indirect measurements, for eight representative circu-
lar-scan radars and five values of Ω.

Features of filter design for estimating coordinated-turn parameters

Motion and measurement models. The CT dynamic model for the Cartesian coordinates and veloci-
ties x x z z 

T  is nonlinear in Ω and at step k is written as [5]:
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This represents, compact form is a nonlinear state-transition vector function �� �� ��k k k� �� �1 1b( ) ,  
where ��k�1  is the random discrete-maneuver (process) noise (see below); once Ω is included in (2),  
the turn rate is treated as slowly varying, with a random increment: � �k k k� �� �1 1� , � �k N T�1

20 ( , ).�
The measurement model for a three-coordinate radar is (analogous to [19])
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For a two-coordinate radar, the first two rows of (4) without the elevation channel.
State-transition matrix: dependence on the turn rate. The key feature of filtering coordinated-turn 

parameters is that Ω not only governs how the coordinates and velocities evolve (3), but is itself a com-
ponent of the differentiated state vector (2), so the deterministic state-transition matrix B [20]

ˆ( ) .
kk == ∂ ∂B b α αα α                                                               (5)

Formula (5) contains, beyond the trigonometric rotation coefficients depending on Ωₖ (as in the clas
sical CT model with known Ω), an added column of partial derivatives ∂b/∂Ω, since Ω is itself differen-
tiated. Restricting to the block x x z z  Ω T  (the altitude channel y y T  does not depend on Ω 
and is recomputed trivially: y y y Tk k k� � �1  ), matrix (5) takes the form [5]:
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b T x T z T x T z Tk k k k k k k k k k15
21� �� � � � �� �� �� � � � � �   cos sin sin cos ;

b T x T z T x T z Tk k k k k k k k k k35
21� �� � � �� � �� �� � � � � �   sin cos cos sin .                   (7)

The elements b₁₅, b₃₅ (the partial derivatives � ��xk k1 / �  and � ��zk k1 / � ) contain Ωₖ squared  
in the denominator, with no well-defined limit under linearization; they are recomputed every step from 
the current Ωₖ, unlike the first four columns of (6), linear in x x z z 

T  for fixed Ω; the last row  
of (6) reflects the model Ωₖ₊₁ = Ωₖ + ηₖ (Ω is not recomputed from the coordinates and velocities).

Unobservability of the turn rate in the measurement Jacobian. The measurement Jacobian  

0ˆ( )
kk == ∂ ∂H h α αα α for measurement model (4) is (for a 3D radar, r x z y� � �2 2 2 ,  � � �x z2 2 ):
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The essential feature of (8) is that the entire Ω column (like the velocity columns x, z, y) is identi-
cally zero: range, azimuth and elevation do not depend explicitly on velocity or turn rate, so Ω is unob-
servable from a single measurement θₖ₊₁, unlike the coordinates, for which Hₖ has nonzero elements.  
This holds exactly for both the linearized and exact measurement function, so the linearization error 
for Ω arises not at the update step but during prediction, through Bₖ (6) – unlike the general conclusion  
of [18] on measurement-model linearization errors.

Turn-rate estimation through cross-covariance. Since H 0k :, ,�� � �  correcting Ω from the measure-
ment residual is possible only through a nonzero Ω-coordinate cross-covariance in the predicted-error 
covariance matrix. For the linearized EKF, the row of the gain matrix Kₖ₊₁ corresponding to Ω equals

K R H H R H Rk k k
T

k k k� � �
�

� � � � � �� �1 0 1 0 1

1

� �,: ,: .( ) ( )
T

�                                        (9)

It is identically zero if the elements R0 1( ) , ,k x� � ��  R0 1( ) ,k z� � ��  (Ω’s cross-covariance 
with the  coordinates) are zero; by (6), (7), the prediction step R B R B M0 1( )k k k k

T
k� � �  generates 

it (through the nonzero elements b₁₅, b₃₅, and also through Rk � �, ,� �  nonzero from the outset owing  
to the a priori uncertainty in Ω0 ) – that is, the turn rate is estimated not from the measurement itself, but 
from how its uncertainty at the previous step “colors” the predicted position uncertainty at the current step.  
This is why Ω converges only after several steps, unlike the coordinates, corrected at the first.

Setting the filter’s initial values by weighted least squares. Because correcting Ω proceeds only 
through the cross-covariance (see above), the initial estimate’s quality substantially affects convergence 
speed. No a priori information about the target (speed, heading) is available – only the plots, the radar’s 
rated accuracies, and the scan period – so the entire state vector, Ω included, is estimated from the first 
K0 plots by weighted least squares (WLS), referred to below simply as initialization (not to be confused 
with track initiation: plot-to-target assignment is assumed given, and the problem reduces to estimating 
the initial state of an already-known object).

Each plot is converted to Cartesian coordinates, its covariance through the Jacobian of that con-
version, Rxyz = JRθJT; their inverses form the weight matrix W. The position at plot j is a deterministic 
function of the state vector, p H F sj p jt� ( , ) ,�  where s is its linear part, H p  selects the coordinates 
and  t j K Tj � � �( ) .0 1  The last plot is taken as the reference instant, and filtering starts from it.

The essential point is that for a fixed Ω the model is linear in s. The problem is thus separable:  
the linear part is obtained in closed form, and the search runs over a single parameter

( ) 1T Tˆ( ) ;
−

Ω =s A WA A Wp  ( ) ( )Tˆ arg min ;
Ω

Ω = Ω ΩWν ν  ( ) ( ) ( )ˆ ,Ω = − Ω Ωp A sν          (10)

where the rows of A �� �  are H Fp jt( , )Ω  and p  is the vector of converted plots. No initial guess 
is needed for the linear part, unlike iterative minimization over the whole vector.

For K0 = 2 the system is underdetermined (six equations for seven unknowns for a three-coordinate 
radar, four for five for a two-coordinate one), so K0 ≥ 3, increased until the Ω estimate’s standard devia-
tion becomes acceptable. The search over Ω is confined to |Ω| < 180°/T, beyond which Ω and Ω ± 360°/T 
are indistinguishable.
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The covariance of the initial errors is taken from the estimation procedure itself: Gauss–Newton 
linearization underestimates the spread in Ω (entering only through the trajectory’s curvature, with a flat 
minimum for large noise), so it is obtained instead by a parametric bootstrap: “ideal” plots are recon-
structed from the estimate, perturbed with the known R0, and passed through the whole estimator again:

( )( ) ( )T 1( ) ( ) T
0

1

1 ˆ ˆ ,
1

M
i i

iM
−

=

= − − +
− ∑R G WGα α α α                                      (11)

where ( )ˆ iα  are the estimates over M ensemble realizations; αα  is their mean; ( ) ˆG  = ∂ ∂Ω A A s  
is the augmented Jacobian.

The second term regularizes, since the sample covariance over a finite ensemble is near-singular 
and inverting it would produce outliers.

A limitation of the linearized extended Kalman filter. The elements b₁₅, b₃₅ of matrix (6) are re-
computed at every step from the current estimate Ωₖ, and, by [18], their linearization error grows with 
increasing ΩₖT – precisely for an intense maneuver or a sparse scan (large T). This is the motivation 
for switching to the unscented transform, which needs neither Bₖ nor Hₖ computed explicitly.

Unscented transform of the augmented state vector. The unscented transform approximates the pos-
terior density not by linearizing, but by propagating a deterministic set of sigma points whose mean 
and covariance match the approximated Gaussian [21]. For indirect (polar) measurements, sigma-point 
generation and the prediction–update recursions are given in full in [22] and not repeated here; specific 
to state vector (2) is only that the process-noise covariance is augmented with the turn-rate increment’s 
variance on the Ω diagonal entry, giving n = 7 (2n + 1 = 15 sigma points). No Jacobian Bₖ or Hₖ is com-
puted: the exact transforms (3), (4) apply directly to each sigma point, approximating mean and cova-
riance to at least second-order accuracy for any nonlinearity, versus first-order for linearization [21].

The cross-covariance mechanism described above still operates here without an explicit Hₖ: sigma 
points differing only in Ω yield different predicted coordinates during prediction (3), and only these 
differing coordinates, once propagated through h(·), produce a nonzero cross-covariance in measure-
ment space. The sensitivity of the measurement to Ω is thus formed entirely through the prediction 
step – qualitatively similar to the linearized algorithm’s mechanism, but quantitatively different in how 
accurately that sensitivity transfers for large ΩT (see below).

Results of statistical modeling

A comparative simulation of the proposed unscented KF (UKF) and its linearized extended-KF 
counterpart (EKF; equivalent to Filter 3 of [5]) covered eight representative circular-scan radars (Tab. 1: 
four two- and four three-coordinate) and five turn rates Ω∈{3, 6, 8, 10, 15}°/s at speed v = 250 m/s, 
onset range r R0 2= max / ,  70 s maneuver duration – 40  radar×Ω combinations. The quality measure 
was the parameter root-mean-square error (RMSE), ∆Ω, Δpos, computed as for ∆Σ(k) in [19] (averaged 
over Nrun = 545 realizations); for two-coordinate radars, Δpos used only the horizontal coordinates x, z, 
excluding the altitude channel y – unobservable here (a zero column in (8)) and, unlike Ω, not coupled 
to Ω, x, z through Bₖ (see above), so its error reflects only the arbitrary initial guess, not filter quality.

Table 1. Main characteristics of the representative circular-scan surveillance radars used in the modeling

Radar Application Band Type Rmax, km T, s σr, m σβ, deg. σε, deg.
R1 Small-UAV monitoring X 2D 15 9 7.5 0.50° –
R2 Aerodrome surveillance (ATC) L 2D 110 6 100 0.40° –
R3 Long-range air surveillance VHF 2D 360 5 25 0.83° –
R4 En-route surveillance (ATC) VHF 2D 360 10 25 0.50° –
R5 Aerodrome airspace monitoring X 3D 25 2 30 0.30° 0.50°
R6 Precision approach X 3D 40 1 20 0.30° 0.30°
R7 Long-range 3D surveillance S 3D 470 4 100 0.20° 0.50°
R8 3D en-route surveillance VHF/S 3D 360 10 25 0.80° 0.10°

For position and speed RMSE, a potentially achievable error is additionally reported: the result from 
the same unscented filter when Ω is known exactly and supplied as a fixed motion-model parameter 
(state dimension n = 6), with the measurement nonlinearity still handled by the unscented transform. 
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Not physically realizable (the true Ω is unknown in advance), this filter serves as a lower bound sho
wing how much of the error is due to measurement noise alone versus not knowing Ω; the compari-
son is graphical only, with no bound drawn for turn-rate RMSE, whose error is identically zero when  
Ω is known.

All three algorithms start from the same initialization, computed once per realization, so the com-
parison is not confounded with initialization quality; the known-Ω benchmark uses the same number 
of initialization plots as the others (though a shorter one would suffice), keeping the curves comparable 
step by step. The RMSE is averaged from k ≥ K0 − 1 onward, i. e. from the initialization window’s refe
rence plot, since no estimates exist before it.

The results (Tab. 2) show that, at Ω = 6°/s, the UKF’s Ω RMSE (0.8–1.0 deg./s) is 2.3× (R4) 
to 10,0× (R3) smaller than the EKF’s (2.0–9.3 deg./s). Across the 40 radarЧΩ combinations, the UKF’s 
gain averages 4.3× in ΔΩ (median 4.0; range 1.4–14.0) and 3.8× in ΔV (median 2.8; range 0.99–19.7), 
but only 1.2× in Δpos (range 1.0–1.9) – confirming the mechanism above: coordinates are corrected 
directly (nonzero Hₖ), while Ω and speed (also a zero Hₖ column) are corrected only through the cross- 
covariance from Bₖ. The ΔV gain ranges from near unity (Ω = 3°/s) to nearly 20× for R3 (Ω = 8°/s);  
the UKF’s Ω bias is practically absent (≤0.35 deg./s vs. ≈1 deg/s RMSE), unlike the EKF’s order-of-mag-
nitude larger, sign-changing bias (–2.8 to +1.1 deg./s).

Table 2. Unscented Kalman filter vs. extended Kalman filter at Ω = 6°/s (nominal maneuver), Nrun = 545

Radar ΔΩ, deg./s Gain in Ω, × Δpos, m Gain in pos., × Δv, m/s Gain in v, ×
UKF EKF UKF EKF UKF EKF

R1 0.82 3.68 4.5 349 396 1.1 35.0 87.2 2.5
R2 1.04 6.31 6.1 292 362 1.2 28.5 140.3 4.9
R3 0.93 9.35 10.0 428 691 1.6 24.9 273.1 11.0
R4 0.88 2.02 2.3 369 380 1.0 37.7 54.5 1.4
R5 0.92 3.92 4.3 265 306 1.2 11.4 36.5 3.2
R6 0.85 4.46 5.3 155 252 1.6 8.0 26.7 3.3
R7 0.99 4.23 4.3 331 348 1.1 18.1 56.3 3.5
R8 0.90 2.29 2.5 543 570 1.1 40.6 65.3 1.6

Spread of the estimates and convergence dynamics. Tab. 2 reports only the pooled RMSE over  
the entire maneuver; its spread across Monte-Carlo realizations and its convergence dynamics vs. scan 
index k are shown next, again for the nominal maneuver Ω = 6°/s.

Fig. 1 shows the UKF’s advantage lies not only in average accuracy but in stability: the EKF’s inter-
quartile range for Ω is noticeably wider and asymmetric for most radars, meaning it regularly produces 
realizations with anomalously large error, whereas the UKF produces virtually none.

The dynamics vs. scan index (Fig. 2, 3) reveal the mechanism behind Tab. 2 pooled RMSE. Both 
algorithms coincide at the first scan (same initialization); the UKF then reaches ≈1°/s within one–two 
scans and holds it, whereas the EKF diverges systematically as the accumulated turn angle ΩkT grows 
the linearization error of Bₖ – monotonically for most radars, but oscillating for R5, R6 (short T = 1–2 s), 

Fig. 1. Spread of the position, speed, and turn-rate root-mean-square error 
over Nrun = 545 Monte-Carlo realizations: UKF – blue; EKF – orange; box – interquartile range (IQR); 

whisker – 1.5 IQR
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where repeated reinitialization on near-straight segments is followed by renewed growth. The diver-
gence is universal, ruling out initial conditions as the cause; it is weakest for R4, R8 (gains 2.3 and 2.5×), 
whose long scan period (T = 10 s) gives the EKF too few scans to accumulate its usual error.

Comparison against the potentially achievable error (dotted curve in Fig. 3) shows that, once  
the transient passes, the UKF’s position RMSE stays close to the noise-only bound, while the EKF’s 
departs systematically; the same pattern holds for speed (Tab. 2). Unscented filtering of the turn rate thus 
improves not only Ω itself, but also brings position and velocity accuracy close to the achievable level.

Conclusion

1. Once Ω is included in the augmented state vector, the state-transition matrix becomes a nonlinear 
function of Ω, so linearizing the motion model introduces an error beyond the previously studied [18] 
measurement-model linearization error.

2. A discrete filter for jointly estimating a target’s coordinates, velocity, and turn rate Ω, based  
on the unscented transform and requiring no Jacobian computation for either model, is proposed.

3. A weighted-least-squares initialization method is proposed, supplying initial state-vector esti-
mates (Ω included) with their covariance, without a priori target knowledge; solved as a separable 
least-squares problem linear in the remaining components for fixed Ω (no initial guess needed), with  
the number of plots chosen adaptively and the search over Ω confined to |Ω| < 180°/T.

4. A Monte-Carlo study for eight radars and five Ω values (40 combinations, Nrun = 545 each) 
shows the Unscented Kalman filter Ω root-mean-square error averaging 4,3× smaller (median 4.0; 
range 1.4–14.0) than the linearized extended Kalman filter, versus a more modest 1.2× gain in position 
root-mean-square error – consistent with the mechanism above: coordinates are observed directly (non-
zero Hₖ), Ω only through the cross-covariance generated by Bₖ.

5. Directions for further research: algorithm behavior under a time-varying turn rate, and an adaptive 
bank of unscented filters tuned to different Ω values (by analogy with IMM banks [5], but for maneu-
ver-intensity rather than motion-model hypotheses) – a separate publication.

Fig. 2. Turn-rate root-mean-square error (averaged over Nrun = 545 realizations)

Fig. 3. Position root-mean-square error (dotted – the potentially achievable error with Ω known)
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