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[Ipennararorcst mpueMbl YCKOPEHUSI MHOTOKPATHOTO ITONCKA KpaTJalnX MyTei Ha rpadax, Koraa
MOPSJOK TOPOKAAEMBIX JIEPEBhEB IMyTeH CYIIECTBEHHO MEHbIIE Nopsaka rpada. OmHokpaTHas
MHHAIMATIN3AHs] IEPEMEHHBIX COCTOSHHS M BBIICJICHHUE IPEIOIPEACICHHBIX PEIICHNH CHIDKAeT
CJIOKHOCTB TIOHMCKA ITyTEH 10 JIMHEHHOI 3aBUCMOCTH OT 00beMa CKaHUPYEMOTO IIPOCTPAHCTBA.

Kniouesvie cnosa: TpaHCIOPTHBIEC CETH, KpaTYalIINe My TH, BEIYUCINUTENbHAS CI0KHOCTb.

ITocTanoBka 3a1aun

W3BecTHO, YTO MpH MOMCKE KpaTHaWIIMX MyTeH Ha HAarpy>KEHHOM OpPHUEHTHUPOBAHHOM Tpade
G(N,A), rne N — mMHOXecTBO BepumIMH, A — MHOKeCTBO AyT C BecoBoil dymkmmeir W:A—R™,
BpeMsl TIOCTPOCHHSA JepeBa IMyTed OJHUM M3 IIyUIIHNX IS MOAOO0HOH 3a1adil anroputMoM JWHKCTpEI
pacteT B HEpBOM INPUONIKEHHH 10 3aKOoHY X-l0g, X ¢ yBennmueHuem paccTOsiHUS X OT KOpHS
nepesa. OcobeHHOCTh anropuT™Ma JIMHKCTPBl — OHOKPATHBIH MPOCMOTP IyT (OPMHUPYEMOTo JIepeBa.
OTO0 oTpakaeTcs MOSBICHNEM B aCUMIITOTHKAX BHIYUCIUTEIHHOMN CII0KHOCTH Pa3IUYHBIX peann3annui
npolenyp novcka koiaudyecrsa nyr. Hanpumep, peanuzanust anropurMa JIMiKcTpbl ¢ 0oToOpakxeHueM
ouepeliell aHaANM3UpPyeMbIX BepmIMH Ha Kyud @OuboHayum XapaKTepH3yeTcs CIOXKHOCTHIO
O(m-+n-log,n), rme m=| A|, n=|N|. Orobpaxenne ouepean BepIIMH Ha BEKTOp pa3mepoM L
M03BOJISIET CHU3HUTH CIOKHOCTH 0 Beimuuabl O(M+n-L), rne L — makcumanbHas jjiMHA IyTH
rpada [1, 2].

CymiecTByeT psiji IPUEMOB YCKOPEHH MpoIllecca MOMCKa KpaTJ4alIInX MyTeH, UCIOMb3YIOIIX
U/ICI0 COKPAILEHHS KOJIMYECTBA aHAJIM3UPYEMBIX IYyT rpada’ IeJeHanpaBiIeHHbINd MOMCK; BCTPEYHbIH
MOKMCK; MHOTOYPOBHEBBI IMOJXO; OrpaHHYCHHE JIOKAIBHBIX obnacteil moucka [2, 3]. Peanmzarms
MEPEeYNCIICHHBIX TIPUEMOB IIpeJIoiaraeT MpeaBapuTeIbHoe (HOPMUpPOBaHUE BCIIOMOTATEIBHOTO
rpada, OTOOpa’karollero BEpIIMHBI HMCXOAHOTO rpada M JepeBbsl KpaT4adiux IyTed. 3arem
MIOCTPOEHUE JiEpeBa MyTel MAET MO BOJHOBOH CXEMe OJHOKpPAaTHOIO MPOCMOTpa YT, peartn3yeMon
anmroput™MoM JIuikeTpsl. Pesynmbrar oToOpakaeTcst Ha MCXOAHBIN rpad 3a Bpemst O(M) .

Hannume B acUMOTOTMKax BBIYMCIUTENBHOW CIOXHOCTM IapaMeTpa N oTpaxaer
HEOOXO0AMMOCTh BBITIOJTHEHHS TIEPE]T MOCTPOCHUEM JIepeBa AeHCTBH, CIIOKHOCTH KoTopbix O(N) . D10
CHIKaeT 3QQeKTUBHOCTh adropur™a JMHKCTpBI B 3a1adax ONpelesieHHss MHOXKECTBA KpaTdyaiimx
nyrei. Ilpumep momoOHON 3amayn — pacyeT MOAMATPUL KpaT4alIIMX PAcCTOSIHUK. HEOOXOAMMO
MOCTPOHTH KpaTyailine MyTH OT 3aJaHHOTO0 MHOYXKECTBA UCXOJHBIX BepiuH SeN 10 Bcex BepLIMH U3
mHOoxkecTBa FeN. [IpakTndecku Bcerna B TaKux 3afadax BBIIOIHAETCS YCIOBUE |F| <n.

Pacuer noaMaTpuil MOKHO HNPOBOAUTH NPSIMOJIMHEMHBIM HCIIOJIB30BaHUEM aroputMa droiina,

HO TIPH 3TOM JJISl JTFOOBIX 3HAYCHUN |S| u |F| BBIUUCIIUTEIIbHBIE 3aTPAThl UMEIOT OLIEHKY O(nS) , a

noTpeOHOCTh B MaMSTH — O(nz) [1]. Jns paspexxkeHHBIX rpadOB peanbHbIX TPAHCIIOPTHBIX CETEH B
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TAKUX CJIy4dasax JIy4YlIIUM OKa3bIBACTCA aJIrOPUTM I[I/IﬁKCTpBI, rac I1mpu HOTpe6HOCTI/I B IIaMATH

O(N+mM) oueHka BEIMUCIUTENBHBIX 3aTpaT — He Xyxke | S | O(nz). [anee mpennararoTcs NpUeMbl
YJIy4IIEHUs] TaKUX OLIEHOK, OCHOBAaHHBIE HAa HWCKJIIOYEHWH M3JIUIIHHUX ONepanuil mpH MOCTPOEHUU
MHOECTBA JICPEBLEB KpaTUalIux myTei A BceX ameMeHToB SeN.

PeBusus aaropurMa nocTpoeHus AepeBbeB KpaTyalllux myrei

W3BecTHO, 4TO BIIOJHE JOCTATOYHBIM ISl Peau3aluy aaroputMa JIuiKCTpsI MpeicTaBIeHHEM
paspexxenHoro Harpyxxennoro rpaga G(N,A) sBusercs crpykrypa cmexxHoctu FSF (Forward Star
Form) [1]. B sTom cimy4yae mis kaxkmoi BepmvHbl X 3(P(EKTHBHO NPENCTaBICHO MHOXKECTBO
HETOCPEICTBEHHO JIOCTIKUMBIX cMexHbIX BepuH X', X'={K|w(x,k)>0}, rne w(x,k) — Bec nyru
X —>K, Xk eN. Obbem mamsTu 1u1st XpaHSHHsT CTPYKTYpbI cMexuocTH — O(N + M).

IIpocTpaHCTBO COCTOSHUI MMOMCKA PEIIeHUs alropuTMoM JluiikcTphl BKiodaeT: D — maccus
paccrosiHuil OT KOpHs aepeBa, D= {D(i), ie N}; P — mMaccuB HOMEPOB MPE/IIIECTBYOIINX BEPIIHH,
P= {P(i), ie N}; Q - ouepenp BepmmH, Q= {Qi, ie N}, 3JIEMEHTBI KOTOPOH YIOPSJI0YCHBI TI0
TEKYIIIEMY 3HAYECHHIO PACCTOSHHS OT KOpHs nepesa [1, 2].

Ananuz aJropurMa I[I/IﬁKCTpLI IIOKa3bIBA€T, YTO KOJHMYCCTBO H3MCHAIOMIUXCA 3JICMCHTOB
IPOCTPAHCTBA COCTOSIHUN IIOMCKA COOTBETCTBYET MOPSJAKY HTEPALlMOHHO CO3[aBaeMOro JepeBa
KpaTyaiimux mytei. OgHako 3TOT (aKT MpU KOAMPOBAHUH aJrOPUTMAa OOBIYHO HE YYHTBHIBACTCS,
HESIBHO IT0JIarasi CTEIICHb UCXO0Ja BEPIIUH Ipada COn3MepUMOii co 3HaueHuem N—1.

IIpouecc moctpoeHus AepeBa KpaTyalllluX IMyTEHd MMEET BOJHOBOHM XapakTep A0 HCUEpHaHUs
BO3MOJKHOCTH €r0 Pa3BUTHS M3 UCXOJHOM BepIinHbI (puc. 1).

procedureSPT(r); //llocTpoennenepera KpaTyatIMXIy Ten
begin
foreachieN do D(i) <o, P(i) «1i;
D(r)«-0; Q<«{r};
repeat )
1< Qp, Q< Q\{i};
foreachjei begin
if D(j)>D(i)+w(i, ) thenbegin
if D(j)<o thenQ «Q\{j}; _
D(j) < D(i) +w(i, j), P(j) <1, Q<-Qu{j};
end;
end;
until Q=0;
end;

Puc. 1. TpagunuonHas Bepcus peain3aluy anroputMa JuiKcTpel

Ha urepanusx mocTpoeHns AepeBa mocae0BaTelIbHO BBIIOIHIIOTCS OTIEPAIHH:

— BBIOOPKA BEPIIMHBI U3 OUCPE/IH BEPUINH C MUHUMAIIBHBIM PACCTOSHUEM OT KOPHS JIEPEBa;

— pa3BHUTHE JepeBa U3 BHIOPAHHOM BEPIINHBI, KOT/A TS BCEX €€ BBIXOJHBIX YT BBIMOIHACTCSI
IpoILelypa peslakCali ¢ BKIFOUYCHHEM HOBBIX BEPILIHH B OYEePE/lb.

Bepmiaa rpada MOXKET HAXOJUThCS B CIEAYIOIINX IOCICAOBATEIbHO (HHUKCHPYEMBIX
COCTOSHHSX: HE PaccMaTpHBalach, PAacCMaTPHBACTCS W PAcCMOTpeHa. [IpU3HAK COCTOSIHHS SBHO
OOBIYHO HE HCIOJIB3YETCsI, & €r0 0TOOPAYKEHHE MIPOBOIUTCS HEBHO Ha dJieMeHTax D = {D(i), ieN }

Bce BepiuHbl rpada nepes moCTPOSHHEM epeBa MOMEUYalTCs apaMi HaYabHbIX 3HAYCHUIT
D(i) <o, P(i) «1i, ie N. Tlpunamnexnocts mpousBosnbHOM Bepmmubl X € N mepeBy myrteii Ha
JH000M DTaIle €ro MOCTPOEHHs ONMPEAEIAETCS HCTUHHOCTBIO Bhipaxkenus (D(X) =) v (P(X)=X). Ha

MIPaKTHKE MMEHHO BEPIIMHBI JepeBa MyTel 3HAYMMBI [T 33]1a4 YIIPABICHUA TPAHCIIOPTOM.
[TocTpoenHnoe nepeBo myTeld — CBs3HBIA Tpad mo ompenenennio. Ecnmu S — mcexomHas

BepmivHa, a t - sjmer gepesa myreid, S,te N, To mocie 3aBepiieHHsS MOWCKA KpaT4aWlIdd MyTh

MOKHO BOCCTAHOBHTH 00paTHBIM JBrkeHneM u3 Bepumnsl t: t, P(t), P(P(T)),... P(...P(P(t)))...s.
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OToOpakeHHe COCTOSIHUS BEpIIMH Ha MHOXecTBax D m P BBIHY)maeT kaxkwiii pa3 mepen
MOCTPOCHUEM JIepeBa YCTaHABIMBATh HAYallbHBIE 3HAYEHWS NIl BCEX DJIEMEHTOB. BRIUMCIMTEIbHAS
CIIO)KHOCTH Tako# omeparun — O(n). OueBHAHO, YTO B Cilydyae MOCTPOCHUS KpaTJalIuX MyTed Ha

OoubIINX rpadax KOJIMYSCTBO BEPIIUH AEPEBA MOXKET OKA3aThCsl CYIISCTBEHHO MEHbIIIE 3HAYCHUS M.
VYuuteiBasi TOCIENOBATEIbHBI XapakTep M3MEHEHUs COCTOSHMS BEpIIMH JepeBa B
COOTBETCTBHU CO 3HAYCHHEM pACCTOSHUS OT €ro KOpHS, OYCBHAHA HJCS BKIIOYCHUS TaKOH
MOCJIEeIOBATEIFHOCTH B KadyeCTBE JTama TOCTPOCHHUS MHOXKECTBA JepeBbeB. Jlsi ee peanusanuu
HEOOXOUMO 00ECIICYHUTh YCIIOBHE PACIIO3HABAHKS MCXOJHOTO COCTOSIHUSI BEpIINH HOBBIX JIEPEBHEB.
DTO JIETKO JOCTUTACTCsl JOMOJIHCHUEM TIPH3HAKA COCTOSHUS BEPILIHMH JIepeBa HOMEPOM TaKOTo JIepeBa.
Bosmoxnas peanuzanms obOcyxkpaemold uaen (cM. puc. 2) Oasupyercss Ha JOMOTHEHUH
MPOCTPAHCTBA COCTOSIHHS TNIOOATLHOW TEPEMEHHOW € C IEeNbI0 WACHTH()HKAIMK BEPIINH Pa3HBIX
JIEPEBBEB. ITO MO3BOJISIET BHITIOIHATH HHUIHATH3AINIO MaccuBoB P oxun pas (pyukius SPI() ).

procedure SPI(); // Mrnumanusemst nepeMeHHEIXCOCTOSIHAS

begin
e<«0;
foreachieN doP(i)«¢;
end;
procedureSPM(r,t); // Nouck xpaTuanmeo nyTu  —>t
begin
D(r)«0; Q«{r}; P(r)«r+e;
repeat ]
1< Q;, Q< Q\{i};

if 1=t then goto finish;

foreach jei' begin . _

if (P(J)<e) v ((D(J))>D(@)+w(, j)) A(Q<«-Q\{j})) thenbegin
D(j)=D(@)+w(, j), P(j))=i+e; Q«<-Qu{j};

end;
end;
until Q={;
finish: e«<e+n;
end;

Puc. 2. IIpennaraemast Bepcus peanusanuu aaropurma JuiKkcTpel

IlepeMeHHass € COAEPXKHUT HAYal0 HWHTEpPBajla HOMEPOB OYEPEAHOro nepeBa ((GyHKIHs
SPM (r,t)). ITocTpoeHue JiepeBa MPUBOAUT K U3MEHEHHIO 3JIEMEHTOB MaccuBa P, COOTBETCTBYIOIIMX
nojBeprimuMcst  ananusy BepinuHam rpada. Ilpemuxar (P(j) <€) ompedenser MHOXECTBO He
PacCMOTPEHHBIX BepiMH U cooTBeTcTByeT coctostHuio (D(j) =), jeN. Ognako ucronbp3oBaHue

TaKOr0 IpeuKaTa MO3BOJISICT UCKIYHUTh MOBTOPHYIO YCTAHOBKY HAYaJIbHOTO COCTOSIHUS MHOYECTB
D u P. BolunciuTenpHas CI0KHOCTbH HOCTpOeHUs naepeBa myreil dynkuuein SPM(r,t) sasucut
JIUIIL OT KOJIWYEeCTBa (PAKTUUECKH pacCMATPUBACMBIX JIYT.

Wnes onHokpaTtHOW uHHMIManu3anuu maccuBoB D u P Moxxer ObITH HCIIONB30BaHA IS
oTkasa ot ouuctku ouepeau Q . Jis sroro mocrarouno omeparmo Q <—{r} B MOMeHT (uKkcanun

KODHSI JIepeBa B BEpUIMHE I BBIMOIHATE ¢ POBEPKO# ycioBust (I <€). CIHCOK 3IEMEHTOB Ouepein

He 00513aTeNbHO mpoeupoOBaTh HAa UHTCPBAJI 1, n, ecian nopAaOK AepeBa CYIICCTBEHHO MCHBIIIC n.

aﬂeMeHTaprle npeaonpeacjacHubie pelicHus

MOo’KHO 3aMETHTh, YTO KaXKJ1as BEPIIMHA AYI OKOHYATENIBHOrO JEpeBa KpaTyallnux MmyTed Kak
MHUHHMYM OJIMH pa3 OyJeT mpejacTaBlieHa B odepenu BepnH. OIHAKO HEKOTOpPhIe U3 BEPIIMH JepeBa
B ouepeir TMOOBIBAIOT CTpOro oauH pa3. OUeBHIHO, YTO OINEpalii C O4Yepenbio (BKIIOYCHHE U
WCKJIIOYEHNE) JUTSI TAKWX BEPIIWH MOXKHO HE BBITIOJHATH. JTO YCKOPHUT IPOIECC MOWCKA PEIICHUS.
Jns peanuzanuu 1mMogoOHOTO MPEIJIOKEHHUs] JOCTAaTOYHO Ha rpade NpeiBapUTENIbHO A KaKIOH
BEPIINHBI BBIICIUTH U TIOMETHTH BXOHBIC IyT'H MUHHUMAJIbHOU JTHHBI [4]:

Tj= @, j):i=argmin{w(i, j): (i, j) e A}f, jeN . 1)
i, j
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B ciydae BeTBICHUS AepeBa yepes 0Oy Ayry U3 MHOXecTBa (1) 3HaYeHHEe pacCTOSHUS 10
ee KOHEYHOU BepIIMHBI He M3MEHUTCS. DOpManbHBIM 000CHOBAHHEM 3TOTO SIBJISIETCS TO, YTO JIt00ast
YacTh KpaTyaulliero MyTH SBISETCS KpaTdyaimuMm myTeM. Kiaccudueckue peaM3aliy ajropuTMa
Juiiketpsl (puc. 1) Takoi QakT SBHO HE UCTIONB3YIOT.

Paccmotpum Bo3MokHOCTH Hctionb3oBanud (1). [lycTe Ha HarpyXeHHOM OPHEHTHPOBAHHOM
rpade G(N, A) mocieHeii JOCTUTHYTa BEpIIMHA | JepeBa KpaTdamux myteid. Ecin anamusupyercs
abTEpHATHBA Pa3BUTHS JEpeBa MO Ayre |—> j, KOTOpas SBIsETCS KpaTdaliield W3 BXOAHBIX AYT B
BEPIIMHY j, TO Takas Jyra MOXKET ObITh JOCPOYHO BKJIFOUEHA B JIEPEBO O€3 MOMENICHUSI B OYepe.lb.
OnHaKoO TPOJODKEHUE pPa3BUTHS JepeBa W3 BEPIIMHBI I MO Jyre j—>k, KOTOpas SBISETCS
Kpardaiiield W3 BXOTHBIX OYI B BEPUIMHY Kk, OKaXETCs MPEXKICBPEMEHHBIM, €CIIU CIPaBETUBO
w(i, J) +w(j, k) >min{w(l,k), (I,k)e A~(l = j)}.3nece w(i,j) —Bec ayru i —> j,i,j€N.

Ha peanbHOM rpade MHOTIa MOXKHO BBIICIUTH OOJIee CIIOKHBIA BapUaHT MPEIONPEaeICHHBIX
pemennii, korna w(i, j)+ w(j, k) <mmn{w(l,k), (I,k)e A~n(l#j)}. B Takom ciyuac KOIUYECTBO
IIAarOB MPOJOJDKCHUS Pa3BUTHS IepeBa U3 BEPILIUHBI | TOCPOYHO MOXKET OBITh YBEIUYEHO JI0 JABYX.

Otcloga Mo MHAYKIUH CIEAYET, 4TO i JIIoOOW BepmMHBI [ € N MOXHO yKa3aTh MyTh
i — Jj; > Jo &...— ], =K, cocraBneHHbIil U3 KpaTYalIINX BXOAHBIX AyT HPOMEKYTOYHBIX BEPIIHH

J1s Joseee Jpmo At koTOpeIx W(I, j1) +W(Jq, Jo) + oo+ W( ], K) <min{w(l, k), (ILk) e AA(1 = j,)}
AnropuT™ BbIIEICHHS MHOXKeCTBA (1) MMeeT JTMHEHHYIO BBIYMCIUTEIBHYIO CII0KHOCTh:

D(i) <o, i eN; D(i) «min(D(),w(, j)), (i, ) e A T, =(DG)=w(, j)), (i, ) e A

[IpenonpeneneHHpie penieHUs JETKO (UKCHPYIOTCS HA CTPYKType cMekHoctu rpada. OHu
MHBapHUaHTHBI K TapaMeTpaM pelIaeMbIX 3aJa4 MHOTOKPAaTHOTrO Mmoucka myteil. CokpallleHue BpeMeHH
[IOMCKA KpaT4yalIIuX MYyTEH MpU HCIOJIB30BaHUU IPENONPENEICHHBIX pELICHHH B IEPBOM
npubamKeHN 00paTHO MNPOMOPLHOHANBHO CpPEAHEH IOJIyCTENeHH 3axona BepmiuH rpada. s
pas3peKeHHBIX TpadOB TaKkas BEINIHHA MOXKET OKa3aThCs JOCTATOYHO CYIIECTBEHHOH.

Opranu3anusi BCTPEYHOr0 MOUCKA

B chywae mowmcka myTH MeEXAy JABYMs 3aJlaHHBIMH BepIIMHAMH Tpada IenecoodpasHo
OpraHM30BaTh MPOIECC IMOUCKA IMyTeM IMOCTPOCHUS JBYX BCTPEUYHO PACTYIIUX JepeBbeB. B pe3yibrare
00beM aHATTU3UPYEMBIX TAaHHBIX COKpaIlaeTcs B 1Ba pa3a [1]. JlepeBo U3 KOHCYHOH BEPIIUHBI JOIDKHO
CTpOUThCS Ha Tpade ¢ 0OpaTHBIM HAMpPABICHUEM JIYT, IO3TOMY MPECTABICHUE MOJICTH CETH 3aaeTCs
paciIMpeHHbIM rpadoM — 00bETMHEHUEM UCXOAHOTO rpada u ero HHBEPCHH.

BerpeuHblii OMCK MPUHIMITMAIBHO MOXKHO Peajr30BaTh JIIOOOW MPOLEAYPON MOCTPOCHHS
JiepeBa Ha paciupeHHoM rpade. JIiis 3Toro ecTh T0CTATOUHO BECKUE MPUIHMHBI:

— Nyd4inasi Cpeid U3BECTHBIX CXeMa OTOOPaKECHHUsT ouepe/I BEPIIHH Ha BEKTOp pasMepoM L
Haubosee A3pPeKTUBHO paboTaeT ¢ OOJBIIMMU OUYEPEIIMH;

— ONTUMAJIbHBIA pa3Mep JEePEBbEB IIOMCKA COOTBETCTBYET OJIMHAKOBOMY PACCTOSHUIO OT
KOpHEi iepeBa B TOUKE OCTAHOBKH [2].

C uenpio ompejeNieHHs PacIIUpEeHHOTo Tpada, MPUTOJHOTO Ui OpraHu3allid Ipoliecca

BETBJIEHMS Ha OOuIel ouepenu, o6o3HaunM ucxomubii rpad wepes G =G(N',A"), a rpad c

* * *
uHBepTHpoBanueM Hanpasienust iyr — G =G(N ,A).
Mexay BeplIIMHAMHU Takux rpadoB JIOIHKHO OBITh B3aHMMHO OJHO3HAYHOE COOTBETCTBHE.
IIpennaraercss mist ero 3alaHusl HMCIIOJIB30BAaTh CHMMETPHUYHYIO (DYHKIIHMIO OTOOPaXEHHS HOMEPOB

sepuma N* < N B Buse
conj(x)=x"-(xeG*) + x*-(xeG"), xeN*UN". )

Iycth HOMepa BepmuH rpada G* 3amamsl mocnenosatensHocthio 0,N—1, a HOMepa BepuIUH

. _
rpada G — mocnenoBarenbHOCTBIO 2N —1,N. Jlerko mpoBepuTh, YTO B TAKOM CIlIydac JHHEHHAs
GbyHKIHS
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conj(x)=2n-1—-x, xeNTUN" (3)

*
peanu3yeT mpsMoe M obpaTHOe oTobpaxkenue HomepoB BepmmH N <> N'. D10 mossomser
UCIOJB30BaTh (3) B KauecTBE ajpecHOi (DYHKIUH, TaK KaK 00bESIUHCHHE MHOXECTB TaKHMX HOMEPOB

COOTBETCTBYET Hepa3phIBHOM mocienoBarenbrocty 0,20 —1.

B pe3ysbTaTe MHOKECTBO HOMEPOB BepIIHH U AyT rpada G ompepensieTcst Tak:
* * - - -
N = {x =conj(x*), x" e N*}, A*= {(com(y*), conj(x*)), (x*,yN) e A+}. 4)
Ilyctes S W t — HavaybHAS M KOHEYHAsS BEPIIMHBI HCKOMOTO KPaTYalIlero MyTH Ha UCXOTHOM
*
rpade G*. Tak kak, cormacHo (4), N" (N =&, To BCTpeuHBIi MOMCK MOXKHO MPOBOIHTH
CHHXPOHHBIM [BIKCHIEM BOJHBI OT KOPHEH JepeBbeB Ha HecwssHoM rpade GT UG . Jlus storo

JIOCTaTOYHO HayaTh HpPOIECC BETBIeHHS U3 BepmuH S€G' nu t* =conj(t), t"eG”. Hocuenmee

*
COOTBETCTBYET (opMaTbHOMY OOBeIWHEHWIO TpadoB (QUKTHBHOW myrod S—>t , ans KOTOpoii

*
W(s,t ) =co. B ominune OT U3BECTHOTO MpUEMa MOOYEPETHOTO Pa3BUTHsL IepeBbeB [1], CHHXpOHHOE
JBIDKEHHE OKa3bIBACTCSl ONTHMAIIbHBIM.

YiydiueHue NPpaBUJIa OCTAHOBKHU BCTPEYHOI0 NMOMCKA

Opranu3zanysi BCTpEYHOTO MOUCKa TpeOyeT onpeAesicHUs paBuiia OCTaHOBKH. M3BeCcTHO, 4TO
OCTaHOBKa JIOJDKHA COOTBETCTBOBATH MOMEHTY (DMKCAIIMU TOCTOSHHOM MOMETKH BEPIIUHEI JiepeBa,
KOT'JIa COMPsDKEHHAS BEPILIHHA yXKe SIBJISETCS MOCTOSIHHO OMEYEHHOH [5].

Ecau nnst HekoToporo nepeBa KpaT4alllUX MyTed MaKCUMAJIbHOE PacCTOSIHUE OT MOCTOSIHHO
IMOMCYCHHBIX BEPIIMH O0 KOPHA €CTh d, TO IMPU3HAKOM MMOCTOSIHHOM ITOMETKU BCPIIMHBI X SBIISIETCA
yenoBue D(X) <d . B paccmarpuBaeMoM citydae Jiist 000UX JiepeBbeB 3HaueHue 0 OTMHAKOBO.

Orcioia ciieyer, 9To IMPaBHIIO OCTAHOBKH MOJKHO OIPEIEIUTh HA 3HAYCHUSX TEKYIIHX

-y - - *
paccrostamit — D(conj(i)) < D(i), rme i — Bepmmna rpada G* wmmm rpada G, momyuwaromas
MOCTOSIHHYIO TIOMeTKY. OJHAKoO NpobiieMa COCTOMT B JMCKPETHOM XapakTepe MpoLeaypbl BeIOOpa
nomeyaeMbIX BepinuH, koraa ycaosue D(conj(i)) < D(i) mpuxomuTcs mpoBepATh KaKAblid pa3 Mmocie

KOPPEKLINU 3HaYE€HUI pacCTOSHUI 10 BpEMEHHO ITIOMEYEHHBIX BEPILUH.
O603HaYMM MHOKECTBA JIMCTHEB BCTPEUHO PACTYIIMX JIEPEBhEB KpaT4alIIMX MyTeH depe3

TS ={i|x<D(@i)<w, ieN"} u T, ={i|x<D(i) <o, ieN"}, rae x=min{D(k), ke N" UN"}.
OueBUIHO, UTO HA JIFOOOM 3Tare Mpoliecca pa3BUTHS JICPEBbEB OCTAHOBKA MOXKET MMPOU30UTH B OO0
w3 Bepumn muoxectea K (X)={i|i e{conj(i), ie TS} T, }.Herpyaso 3ameruts, uTO TaKoe

MHOXXECTBO BKJIIOYEHO B OuYepelb BEPIIMH, (QOPMUPYEMYIO airoputMom JIWHKCTpeL YcinoBue
nocrpoenns K (X) moxer Brimouars npemukar (P(X)>e) Bmecto (D(X) <), urto HCKiIodaer

HEOOXOIUMOCTh TOBTOPHOM WHHMIMAIN3ALMH TEPEMEHHBIX cocTosHus. Ilocnennee mpemmaraercs
MCIIOJIB30BaTh JUISI IOCTPOEHUS KOPPEKTHON M SKOHOMHOM MPOLEAYPHI OCTAHOBKH.
JleiicTBuTenbHO, niepen HadaioM moucka mHOkecTBo K(0)=. IlepBbiit smeMeHT B HEro

OyJeT BKIIFOYEH JuIib rocie BoisiBierus yenosust (i =conj(i)) ™ (x < D(i) < o)™ (x < D(conj(i)) < ).
IpakTHYeCcKH MpPOBEpKa TaKOTO YCIOBHUs TPEOYeT JIHIIb BKIFOUCHUs JOMOJHHTEIBHONU MPOBEPKU
yenoBust D(conj(i)) <co B anroput™ BKIIKOYEHUS BEPIIUHBI B OYEPE/Ib.

Ha MOCICAYIOINNUX HUTCpalUAX BKIIOYCHUA DJJIEMCHTOB B O4YCPEAb OIMNPECACIMM 3HA4YCHUC
d i =min  {D(k) + D(conj(k)), k e K(x)}. 3uauenne D(K) Tompko Bo3pacraer, a U3 MHOXKeCTBa
BPEMCHHO MOMEYEHHBIX BEPIIMH HCKIIOYatoTCs 3aeMeHThl, 1t kotopeix (D(K) < X). Drto ycmosue
COOTBETCTBYET MOMCHTY YCTaHOBKH MOCTOSHHON TOMETKH BCPIIMHBI, OJHA H3 KOTOPLIX
coorBercTByeT ycioBuio d,,i, =min  {D(k) + D(conj(k)), k € K(x)}. Tak kax mist 1006010 3HAUSHHS

X HOBBIC 2JIEMEHTHl MHOXkecTBa K OyIyT MO ONpeneneHuI0 MMETh PACCTOSIHUE 10 KOpHEH, He
MeHbIllee X, TO YCIOBHEM OCTAaHOBKH B MOMEHT IIOCTOSHHOM IIOMETKH BepmmHbl K  Oymer
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dmin =D(K) + D(conj(k)), k € K(X).

Takum 00pa3oM, HCHONB30BaHHE BCTPEYHOTO JBIKCHHUS OT KOpPHEH JepeBheB He Tpebyer
XpaHEeHHUs CIEeIUATBHBIX MOMETOK, & MOMEHT OCTAaHOBKHM COBIMAJaeT C MOMEHTAMH OKOHYATEIHHOMN
MMOMETKH BEPIIIVH JIePeBa My TeH.

[Mociie 0cTaHOBKM B BEPIIMHE X OCTAETCS JOCTPOUTH MYTh JI0 KOHEYHOW BEPIIMHBI B HCXOTHOM
rpage. Tak Kak OCTaHOBKAa MOXKET OBITh OOHapy>KeHa B JIIOOOM M3 BCTPEYHO PACTYIIHX JEPEBBEB, a
pe3yNbTaT MOMCKa HEOOXO MO TOJTYYHUTh JIUIIH JUIS JISPEBa U3 UCXOIHOM BEPIIUHBI, TO JUIS TIEPEX0/ia B

Takoe nepeso Tpedyercs Gyrxumst orig(xX) =X-(xeG") + conj(x)-(xeG'), xe N"UN". s cyqas

HyMepaLuH BepLIHH paciuMpeHHoro rpada o npasuiy (4) orig(x) =conj(x), xe N*T UN™.
OTMEeTHM, YTO MHPABUIIO OCTAHOBKM BCTPEYHOIO IMOMCKA HE MCIOJIb3YeT HH(POPMALKIO O

npenonpeneneHnsix pemenusx (3). OnHako B 11000€ U3 BCTPEYHO PACTYINUX JIEPEBLEB KOHEUHAS

BEPLIMHA MOXKET BKJIIOYATHCA B MOMEHT, Korma cmpabemmo K(X) =, Xx>0. OueBuaHo, 4ro B

MOMEHT BKJIFOYCHHS KpaT4alIinii TyTh YK€ HW3BECTEH, IO3TOMY TMPOIECC IMOMCKA CIIEAyeT
OCTaHOBHUTH. B Takux ciydasx paboTa 1o aHaJm3y Ipyroro rpada oka3slBaeTcsi OCCIONIC3HOM.

IIpoeunpoBanue KpaTyaiux nyTeid Ha Ayru rpaga

D¢ dexTuBHBIN MprieM GUIBTPALNNN MPOCMATPUBAEMBIX OYT Tpada — KakKI0H Ayre IOCTaBUTh
B COOTBETCTBHE CIHCOK BEpIIWH, KpaTdaillliie MyTH K KOTOPHIM BKJIIOYAIOT TaKyw ayry [2].
ITocTpoeHne momoOHBIX CIHCKOB BO3MOXKHO IIOCIIE MPEIBAPUTEIFHOTO MOCTPOEHHS BCEX ICPEBBLEB
Kpartyailmux myted. O4ueBUOHBIM HENOCTATOK aCCOLMALMU BEPIIMH KpaTdyalllux MyTed ¢ myramu
rpada (C WX KOHCYHBIMH BEpIIMHAMH) — TMOTpeOHOCTH B mamsaTu oOvemom O(Mn). OpHako

acCOIMAIUH KPaTYalIINX MyTeH ¢ TOIMHOKECTBAMHE BEPIIIUH CHIDKAET MMOTPEOHOCTH B IMaMsTH [2,3].

[pearaercst y4ecTh aCCOLUALMU YT C ONTUMATBHBIMU PEUICHUSAMH XapaKTePUCTHICCKIMH
MHOKECTBAMU IIPU3HAKOB BXOXK/ICHHS BEpIIMH B 3apaHee BbIACICHHBIC JIOOBIM CIIOCOOOM
noaMHokecTBa BepiinH [4]. Mcxomublid rpad Oyaer mpencraBieH 0ObeJUHCHHEM MOArPadoB,
(GopMaTbHO BKIIOYAKOIMX BepIIMHBI oaHoro moamuoxectsa. O6osnaumm B ={B(i),i € N} -

MHOYKECTBO JIBOMYHBIX BEKTOPOB Kiaccu(ukaluu BepiuH rpada. [IpuHAIIEKHOCTh BEPIIMHBI |
: k
noxMuokectBy K mycts otpakaercs Beipaxkenuem B(i) = 2°.

ANTOpHUTM ydeTa acCoUMalyy AyT cienyromuid. [leppoHauanbHO Kaxmoi ayre rpada cienyer
HA3HAYUTh HYJIEBOM BEKTOP XapaKTEPHUCTHUUECKOTO MHOXECTBA NMPU3HAKOB BXOXICHHS €€ KOHEUHOM

epunbl B kpardaiimme nyta: S(1(i, j)) =0, (i, j)eM . 3xecs (i, j)=(k |, ) eM) A(kelm) —
MHJIEKC YT B IMHEHHOM MaCCHUBE CIIUCKA YT, SBJISIOIIETOCS YaCThIO CTPYKTYPhI CMEKHOCTH Tpada.

Hanee nns xaxxJ1oi BEpILIMHBI i,ieN, HeoOxonumMo MOCTPOUTH JIEPEBO KpaTyallux MyTen
JI0 BCEX OCTAIBHBIX BEPILIMH, HO TpH ToM onepaiuio P(]) <—1 cneayer nononHuTs coxpaHeHneM
unzexca R; < 1, ), ] eln, YKa3bIBAIOIIETO MO3UIHIO YTH | —> | B CIHCKE IYT.

ITociie 3TOro y3IIbl U IUCThS AE€PEBHEB KPATYANIIKMX IMyTeH MOTYT 3P (PEKTUBHO 0TOOPaKATHCS
na nyru rpada: S(K) <= S(k) v B(P(j))), (R; =k)A(P(])# ), j € N. B dysxuun SPM(r,t)
(puc. 2) yenosue dpunsrpammn ayr (P(j) <e) v ((Dj > D; +w(i, j)) A (Q <= Q\{j})) momxno nmers
sun ((S(I1(, ) AB(®)) =0) A((P(j) <€) v (D > D; +w(i, j)) A (Q «-Q\{j}))).

B HacTosimee BpeMmsi mporueccopbl 00J1aal0T BO3MOXKHOCTBIO MapaljieIbHOIO BBITOJTHEHUS
orepauuii HaJ OMTaMu B MAalIMHHBIX CJIOBaxX pazmepoM 16, 32 nnu 64 paspsina. XapakTepHUCTHUECKUHA
BEKTOpP peaJlbHO BCerja OTOOpakaeTcs Ha MAacCHUB CMEXHBIX MAIIWHHBIX clioB. Onepanus
xoubroHkiuu B Beipakerud ((S(1(i, J)) A B(t)) # 0) nposepsieT coBriafenne eAMHCTBEHHOTO pa3psia
Ha BCEX HTEpalusX IMOCTPOCHMs JepeBa MyTed K wesneBoi BepmuHe . B Takom ciydae Her
HEOOXOIUMOCTH TPOBEPKH BCEX Pa3psAA0B XapaKTEPUCTHYECKOTO BEKTOpa. JoCcTaTouHO HpOBEPSTH
MOJIMHOYKECTBO Uogz B(t)/ WJ sekropa S(I(i, j)), rme W — paspsaHoCTh mpoleccopa.
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JKCHePUMEHTAILHAS OIIEHKA BPEMEHH PelIeHust 3a/1a4
B Talnuie TpUBeNEHbI PE3yNbTaThl OIEHKH CPEIHEr0 BPEMEHH pEIICHWs 3ajad pacyera
OJIMATPHI] KPAaTYailIMX PACCTOSHHUN MNpeiaraeMbIMH TIPOLEAypaMH Ui rpada peaabHOU cerH
aBTOMOOHIBHEIX 0por ¢ mapamerpamu N=10°, m=5-10°. Pa3smepsI CIy4YalHBIX MOAMATPHUL] —
| S =500...900, | F |=100 . MHosecTBa BepiIrH MOArpadoB isk MPOCIHUPOBAHKS KPATUANIIINX Ty TeH
COOTBETCTBOBAJIM PABHBIM 10 Pa3Mepy WHTEPBAIaM MOCIIEI0BATENbHBIX HOMEPOB BEPUIMH HCXOIHOTO
rpada.

OueHKH BpeMeHH pacyeTa MoAMATPHIl KpaTYaiilinX paccTosiHuii

PasmepHocTs Cpennee Bpemst penienust, Mcek (Celeron 1,7 I'r, 512 Mo6aiir)

32|1/Ilsa TH Knaccuueckast [pemnaraeMast cxeMa ¢ pasJIMYHbIM YHCIOM moarpados

( ) cxema JIMHAKCTpHI 1 8 16 32 64 128
500 10,823 8,003 1,038 0,719 0,524 0,512 0,503
600 12,234 9,514 1,312 0,828 0,640 0,604 0,602
700 14,534 11,005 1,513 0,947 0,769 0,678 0,688
800 17,002 12,811 1,716 1,102 0,924 0,860 0,772
900 20,712 15,012 2,117 1,417 1,187 1,009 0,901

PesynpTaThl 3KCIIEpUMEHTA MOATBEPXKIAIOT COKPAILIEHHE BPEMEHH pacueTa MOAMAaTPHIL IOCIIe
yueTa MpeIONpEeACTCHHBIX PEIICHUH M yBEJIHMYEHHs KoludecTBa MoArpadoB A MPOCLHUPOBAHUS
NpeJBapUTEIbHO HANIECHHBIX ONTHUMAJBHBIX peleHuHd. DPQPEeKT HACHILCHHS OOBSICHSAETCS CHILHOM
paspeREeHHOCTHIO rpada TPAHCTIOPTHON CETH.

3aka0ueHnne

Takum 06pazom, MOCTPOEHHBIE MPOLENYPHI MOMCKA MCHOIB3YIOT IS MPEICTABICHUS MOJENTH
CeTH MamsITh B JiBa pa3a Ooinbliero oobema. [IpemioskeHHbIN MpreM HyMepalyy 3alpocoB Ha TOHCK
KpaT4ailMX IyTed MO3BOJAET MCKIIOYUTh XOJOCThIE Iarkd WHUIUAIN3alUN IEPEMEHHBIX COCTOSHHUS
MOUCKa, B pe3ynbraTe BBIYMCIUTENBHAS CIOXKHOCTH 3a/aud i Haubonee 3pPeKTUBHBIX alpecHBIX
CXEM OpraHu3allMd OYepelel JIMHEHHO 3aBUCUT OT KOJIMYECTBA IyI JepeBa KpaTyallux ITyTei.
IlomeTka BXOAHBIX IyTI MUHUMAJIBHOW JUIMHBI COKpAIAeT KOJIMYECTBO LIArOB U3MEHEHHSI COCTOSHUS
ouepean OOpaTHO NMPOMOPLMOHATIBHO CTENEHH 3axoja BepIMH. CHU3UTH TaKylO CTEHEHb IO3BOJISIET
NPOCIMPOBaHHE PE3yIbTATOB MPEIBAPUTEIHLHOIN ONTUMH3ALINY ITyTeH Ha JayTu rpada.

QUICK SEARCH OF THE SHORTEST PATHS ON THE GRAPH
WITH A PREDETERMINED DECISION

M.P. REVOTJUK, M.K. QARALEH, N.V. KHAJYNOVA

Abstract

On the classical problem of searching the shortest paths in graphs considered the possibility of
accelerating the search procedure by incorporating a priori information about the search space. Global
initialization of state variables predefined search and selection solutions can improve performance of
multiple procedures to find paths to a linear dependence on the volume of the scanned area.
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