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Abstract. The total probability formula for continuous random variables is the integral of product of two
probability density functions that defines the unconditional probability density function from the conditional
one. The need for calculation of such integrals arises in many applications, for instant, in statistical decision
theory. The statistical decision theory attracts attention due to the ability to formulate the problems in a strict
mathematical form. One of the technical problems solved by the statistical decision theory is the problem of dual
control that requires calculation of integrals connected with the multivariate probability distributions. The
necessary integrals are not available in the literature. One theorem on the total probability formula for vector
Gaussian distributions was published by the authors earlier. In this paper we repeat this theorem and prove a
new theorem that uses more familiar form of the initial data and has more familiar form of the result. The new
form of the theorem allows us to obtain the unconditional mathematical expectation and the unconditional
variance-covariance matrix very simply. We also confirm the new theorem by direct calculation for the case of
the simple linear regression.
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Introduction

The total probability formula for continuous random variables is the integral transformation
that transforms the conditional probability density function to the unconditional. The integral
transformations of the continuous probability distribution are used in the statistical decision theory
[1, 2] and, particularly, in dual control theory [3]. To date, we do not have the required table integrals
for multivariate probability distributions [4—6]. The multivariate (vector) normal or Gaussian
distribution is of interest that is often used to describe, might approximately, different sets of random
variables.

The random vector =" = (2, E,,...,E, ) with k; components is distributed according to the

normal or Gaussian law if its probability density function has the form

f(a)=—exp(—1(a—v3>fd;(a—vs>} geE", (M
@o=ld| \ 2
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where &' =(¢,&,,...,E, ) is vector-row of the arguments of the probability density function f(&),
Ve =(Vaps Voo Vg )_ is the vector-row of the parameters of the probability density function f(§),
dz=(dz;;), i,Jj =1,k is the symmetric positive-definite matrix of the parameters of the
probability density (&), d-' is the matrix inverse to the matrix d_, |d_ | is the determinant of the

matrix d-, E *s is the k- -dimensional Euclidean space, symbol 7" means transpose. The parameters

v and d; of the distribution (1) are mathematical expectation and variance-covariance matrix of the

random vector = respectively [7, 8].
In work [9] there was published the following theorem connected with the vector Gaussian
distribution (1).

Theorem 1. (The total probability formula for vector Gaussian distributions). Let

[1]

" =(8,,E,,.,E, ) be a row random vector with k. components, X' =(X, X550, X, ) be
a row random vector with k, components, f(&) be the probability density of the vector =, f(x/&)

be the condition probability density of the vector X, £ *= be the k- -dimensional Euclidean space.
If in the total probability formula

S = [1(e/e)f (@), @)

the probgb_ility density f(x/&) is represented in the form

f(x/€) =;exp(—l§TS§+VT§—le (3)
@m)* |dy | 2 2

and the probability density f(&) is represented in the form

- 1 ! 4

| I [P I
f(©) (27c)k5|d5|exp(_2& dz&+vzd: & ZVEdE VEJ’

then integral (2) (the total probability formula) is defined by the following expression:

1= [ /8= dl T exp(%BTA‘B . c} , )
where

A=d'+S, (6)
B=d'v_+V, (7
C=vidv_+W. (®)

In addition to the theorem 1, we will prove the following theorem 2 which can be more useful
in some application compared with the theorem 1.

The new theorem on the total probability formula for vector Gaussian distributions

Theorem 2. Let E' =(E,,E,,..,E, ) be a random row vector with k. components,

X' =(X, X, X ;) be a random row vector with k, components, () be the probability
density function of the vector =, f(x/&) be the condition probability density function of the

vector X, E*= be the k- -dimensional Euclidean space. If in the total probability formula
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f@)= [f(x/9)f (@), ©)

the probability density function f(x/&) has the form

f(x/&)= —%(x—hé)Td;l(x—hé)j, (10)

k—xexp(
2m)™ |dy |

where h=(h ), i=Lk,, j =@ , is the (k, x k) -matrix, and the probability density function
f (&) has the form

1 1 _
GE kexp(— S -VhE —vgj,
Jen=ld) T\ 2
then integral (9) (the total probability formula) is defined by the following expression:

Fo= | f(x/&)f(é)d&=%exp[—1<x—hvE>TD;(x—hvE)j, an
@0 D]\ 2

E'=

where D, =d, +hd_h".

Proof. We will use the theorem 1 and represent the functions f(x/&) and (&) in the form
(3), (4) respectively:

JGE +exp(— L v e va)j :
@md.| \ 2

1 1 T 7-1 T 14 _l _—
_(27;)"3|ds|exp(_2§ dJE+vidZ'E 2\/EalE VEJ,
1 1
18) = —exp| — (x=he)d; (x ~hg) |=
S(x/8) o |dX|exp( 2(x &) d; (x g)j

e xTane —%arhfd;haj :

1
Ve |d, | exp[ 2

In accordance with the theorem 1 we have the following notations:
S=h"dh, VT =x"dh, W=x"d}'x.

Then in the formulas (5)—(8)

A=d'+S=d.' +h'd/h,

B=dZ'vo+V =d've+h'd/'x, B" =vld.' +x"d}'h,
C=vid!v_+W=vld'v_. +x"d'x,

B'"A'B=(vLd.' +x"d ' n) A7 (d'v.+h'd}'x) =
=vid'A'd'v. +2x"d ' hA7d v+ xTdhAT R d ] x =
=vid'Ad'v. +2vid' AR d x+ xTd [ hAT R d ' x

Let us substitute the last expressions into the total probability formula (5) and perform some
transformations. We will get:

f@)= [0 @ =M, CXPGBTA'IB—%Cjz

=M, exp(% (vidZ'Ad Vo +2xTd}hATd v +xTd AT R d x) - %(vgd;vg + de;x)j =
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=M, exp(%dethAlthXlx +x'd ] hAd v, +%v§d;/11d;v_ —%vgd;va —%de;xj =
=M, exp(—%xT(a’; —d hA W d ] )x + vé(d;A‘lth;)x—%vé(d; —dglA‘ldE“)ij, (12)

1
where M, = - .
Jemh |dz | 4]ld, |

Let us now reduce the expression (12) to the form (11). We will use for this the known identity [10]
(A+BCB"Y'=A4"-A"'B(B"A"'B+C")'B 47", (13)

According this identity we have
A =d +h"d ) h) =d.—d_h"(d, +hd_h") " hd.. (14)
Substituting the right side of the expression (14) into the first summand in (12) instead of
A" =(d'+h"d'h)", we obtain the multiplier (d}' —d ' h(dz'+h"d'h)"h"d}') which, in
accordance with the identity (13), is D}' =(d, +hd_h")™".
Substituting the right side of the expression (14) into the third summand in (12) instead of
A =(dZ' +h"d'h)”", we obtain the multiplier which is equal to A" D}'h:
(dZ' —dZ' A7dZ)y = d2' —d2Ndo —doh (dy + hd ) hd )dz =
=d.' —(d-'d-dZ' —dZ'd_h"(d, + hd_h") " hd_dZ") =
=d;' —(d' —=h'(dy +hd-h") " 'h)y=dZ' —d' +h" Dy'h=h"D'h.
Finally, we have to proof the following identity for the second summand in (12):
hTD)_(l :dE—IA—lth)—(l ,
or
W' (d, +hd-h") "' =d'(d.' +h"d ) ) 'h'd} .
Applying the formula (13) to the left side of the last equality, we get the following equality:
Wdy —hn"d)nd +h"d HY'h'd, =d'(d=' +h"d;'h) " W' d} .
Multiplying this equality by the d, on the right and transferring the right side to the left we get:
W —n"d h(d' +h"d H) B —dZ' (dZ R d )R =
=h" —(h"d}h+d ) d'+h"d ) )y h" =h" —h" =0.
Therefore, we have the following expression

FO)= [ S/ O (©)E =M exp[—%xTD;x+v£hTD;x—%v£hTD;hvaj,

which is the expression (11). This completes the proof of the theorem 2.
It should be noted that the expression /A& in (10) is the conditional mathematical expectation

of the random vector X (the regression function of X on Z). The result of the theorem 2 in the
form of the expression (11) shows that the unconditional mathematical expectation of the random
vector X is equal to v, =hAv_ and the unconditional variance-covariance matrix of the random

vector X isequalto D, =d, +hd.h".

The total probability formula for scalar Gaussian distributions

Let &, x and / in the theorem 2 are scalars. This means that we consider a simple linear
Gaussian regression of x on & in the form of h&. We will obtain for this case unconditional
probability density function f(x) by the direct calculation using the theorem 1. Then, in accordance
with the theorem 1, we have
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A=L+h_2=dx+h2dE’A,1: d.d, ’
d. d,  dd, d. +hd,

f(x)=M, exp(—%xT (a’)}1 - d;(zA’lh2 )x+ vé (d;A’lhd;)x - %vg (d;1 - dE’ZA’1 )VE) .

Substituting of the expression for 4™ into the expression for the f(x) we get the multiplier
in the first summand of the f(x)

2 2 2
(d;(l_d;(ZAfth):L_ h dE > — (dX+h dE) > h dE — 1 5 :D;{l
dy d.(d,+hd.) dy(d,+hd) dy+hd.

and the multiplier in the second summand of the f(x)

iathay="Tr A= L h_pa
B d-. (d,+hd.)d, (d,+hd.)
and the multiplier in the third summand of the f(x)
(@ —diatay= (- Ly L e
- - - d- d-(dy+hd;)d." d. (dy+h'd.)d:
— dX +h2d5 _dx hsz h’ 2p!

X

T (dy A Hdd.  (dy v hdd (dy+idD)
and normalization constant
1 1 1

MX: = = .
Jory ld= [ Alldy | y2n(d, +hds) 27Dy

Therefore

2 2.2

fx)= 1 expl X +hvEx_h ve |l 1 expl - 1 —hv. ) |.
J2nD, 2D, Dy 2D,) \2mD, 2D,

We can see that the scalar case satisfies the theorem 2.

A simple example

We will consider some stochastic controlled object which is described by the conditional
probability density function f(x/&,u), where x is the output scalar variable of the object, u is

the input vector variable of the object and & is the vector of the parameters of the object.
As arule, it is the Gaussian (normal) probability density function:

J(x/&u)~ N(@(Gu).dy), (15)

where @(&,u) is the regression function of x on u, & is the vector of the parameters of the regression

function, d, is the variance of the internal noise of the object. The description (15) can be
represented in the form

X =& u)+E, (16)

where E is the random variable with Gaussian distribution N(0,d;;) and d; =d is the variance of

the random variable E . An object with description (15) or (16) is called a multiple regression object.
The class of the functions represented in the form

O& )= 3 by @, (7
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where hj(u), j=L12,..,m are some functions called basis functions, that are usually used for

description of the multiple regression function. The function (17) can be written in a vector form as a
dot product of the vectors /4 and &:

PEu)=h"E=En", (18)
where A" =h" (u) = (h(u),h,(u),....h, (u)) is the row vector of the basis funtions and

g =(&,,&,,...,E,) is the row vector of the parameters. Let us consider the regression function of

two variables in the following form: ¢ = o+ Bu, +yu, +tu; .
Then we will have this regression function in the form of (18) with

h' =Ly uy,u), & =(0uB,7,7) - (19)

Now we suppose that the vector of the parameters &' =(a,B,y,7) is random vector with
Gaussian probability density function f(&)~ N(v.,d;) having mean value v_. and variance-
covariance matrix . The unconditional moments v, of the output variable of the controlled
object are of interest:

Vs = [Xf(1E)f @M. (20)

Ek=
They can be easily defined by the theorem 2 as the moments of the Gaussian distribution
N(h"v_,d, +h"d_h) [7]. For instance, in accordance with the theorem 2 we get:

Ve, =h've, v, =(h"v.) +d, +h'd.h, where h is defined as (19) and d- is the (4x4)

variance-covariance matrix of the random vector & (19).

Conclusion

The results obtained in theorems 1 and 2 are aimed at solving the dual control problems
formulated in works [11, 12]. The sequence of the control actions in dual control of the multivariate
stochastic objects is defined by the functional equations of the dynamic programming which contain
the integral like (20) subjected to calculation [11]. One of the practical examples is the task
of the optimal allowance distribution as the task of the dual control considered in the work [12].
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